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Abstract
A submanifold Mnr of a semi-Euclidean space Ems is said to have harmonic mean curvature vector
field if ∆ H = 0, where H denotes the mean curvature vector; submanifolds with harmonic mean
curvature vector are also known as biharmonic submanifolds. In this paper, we prove that every
nondegenerate hypersurface of E4s the shape operator of which is diagonalizable, with harmonic
mean curvature vector field, is minimal.
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1. Introduction
Minimal submanifolds of semi-Euclidean spaces are contained in larger classes of
submanifolds, e.g., in the class of submanifolds of finite type, but also in the class of
submanifolds with harmonic mean curvature vector field. The study of submanifolds with
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the context of his theory of submanifolds of finite type. For a survey of recent results on
submanifolds of finite type and various related topics, see, e.g., [3,4].
Let Mn be an n-dimensional, connected submanifold of the Euclidean space Em. De-
note by x, H , and ∆ respectively the position vector field of Mn, the mean curvature
vector field of Mn, and the Laplace operator on Mn, with respect to the Riemannian metric
g on Mn, induced from the Euclidean metric of the ambient space Em. Then, as it is well
known, (see, e.g., [1])
∆x = −n H. (1)
This shows, in particular, that Mn is a minimal submanifold of Em if and only if its coordi-
nate functions are harmonic (i.e., they are eigenfunctions of ∆ with eigenvalue 0). We also
see that every minimal submanifold of Em satisfies
∆ H = 0. (2)
A submanifold Mn of Em satisfying this condition (2) is said to have harmonic mean
curvature vector field. In view of (1), submanifolds with harmonic mean curvature vector
field are equivalently characterized by the condition
∆2 x = 0. (3)
Therefore, submanifolds satisfying (2) are also called biharmonic submanifolds.
As remarked, minimal submanifolds are immediately seen to be biharmonic. Con-
versely, the question arises whether the class of submanifolds with harmonic mean cur-
vature vector field is essentially larger than the class of minimal submanifolds. Otherwise
stated, we consider the problem to determine, if there exist biharmonic submanifolds
of Em, other than the minimal ones. For a survey of this and related problems, see, e.g.,
[2,10]. Concerning this problem B.-Y. Chen conjectured the following.
Conjecture. The only biharmonic submanifolds of Euclidean spaces are the minimal ones.
In Euclidean spaces, we have the following results, which indeed support the above
mentioned conjecture. B.-Y. Chen proved in 1985 that every biharmonic surface in E3 is
minimal. Thereafter, I. Dimitric´ generalized this result [8,9] and proved that a biharmonic
submanifold Mn of a Euclidean space Em is minimal if it is one of the following:
(a) a curve,
(b) a submanifold with constant mean curvature,
(c) a hypersurface with at most two distinct principal curvatures,
(d) a pseudo-umbilical submanifold of dimension n = 4,
(e) a submanifold of finite type.
In [11] it was proved that every biharmonic hypersurface in E4 is minimal. The authors
first classify explicitly the H -hypersurfaces in E4, therefore introducing coordinates. Af-
terwards, the biharmonic hypersurfaces are singled out, invoking the use of a computer for
lengthy calculations, concluding that there are none besides the minimal ones. In [7] the
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way and with purely analytical arguments, thus enhancing the insight into the structure of
the hypersurface and making the proof more concise.
One knows by experience that the solution to a problem first formulated in Euclid-
ean spaces may sometimes look considerably different when considered in semi-Euclidean
spaces. As such it happens in the present case, where the above picture looks quite differ-
ent in semi-Euclidean spaces; in particular, a similar conjecture does not hold. Indeed, in
the semi-Euclidean spaces E4s (s = 1,2) many examples of nonminimal biharmonic space-
like surfaces with constant mean curvature had been found in [5]. Also, semi-Riemannian
biharmonic submanifolds in Ems for dimensions m = 3,4 and signatures s = 1,2,3 were
studied in [6], where semi-Riemannian biharmonic surfaces of signature (1,1) with con-
stant nonzero mean curvature and flat normal connection in E4s have been classified.
The existence, in contrast to the Euclidean case, of nonminimal biharmonic subman-
ifolds in semi-Euclidean spaces, does not exclude that biharmonicity may still imply
minimality in some specific cases. Indeed, in [6] it is shown that any biharmonic surface
in E3s (s = 1,2) is also minimal, which parallels the result in the Euclidean case. In the
present paper, we address the question of the equivalence of minimality and biharmonicity
for hypersurfaces of the 4-dimensional semi-Euclidean space E4s , and prove the following
Theorem. A nondegenerate biharmonic hypersurface of the 4-dimensional semi-Euclidean
space, the shape operator of which is diagonalizable, must be minimal.
2. Preliminaries
2.1. Biharmonic submanifolds
Let M3r , r = 0,1,2,3, be a hypersurface of the semi-Euclidean space E4s . As M3r can
be either Riemannian, or Lorentzian, we have to distinguish two cases. Let ξ denote a unit
normal vector field; with 〈ξ, ξ 〉 = ε, ε = −1 refers to the Riemannian case, ε = +1 refers
to the Lorentzian case. Denote by ∇ and ∇˜ the Levi-Civita connections of M3r and E4s ,
respectively. For any vector fields X,Y tangent to M3r , the Gauss formula is given by
∇˜XY = ∇XY + h(X,Y )ξ, (4)
where h is the scalar-valued second fundamental form. Denote by S the shape operator on
M3r associated to ξ , then the Weingarten formula is given by
∇˜Xξ = −S(X), (5)
where 〈S(X),Y 〉 = εh(X,Y ). The mean curvature vector H = H ξ , with εH = 13 traceS,
is a well-defined normal vector field to M3r in E4s . The Codazzi equation is given by
(∇XS)Y = (∇Y S)X. (6)
The Gauss equation reads [12]
R(X,Y )Z = 〈S(Y ),Z〉S(X) − 〈S(X),Z〉S(Y ). (7)
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∆ H = 0. (8)
Equivalently it has harmonic mean curvature vector field if [5]
∆ H = 2S(∇H) + 3εH(∇H) + {∆H + εH trS2}ξ = 0. (9)
Then we have the following necessary and sufficient conditions for a hypersurface M3r of
E
4
s to be biharmonic:
S(∇H) = −ε3H
2
(∇H), (10)
∆H + εH trS2 = 0, (11)
where the Laplace operator ∆ acting on a scalar valued function f , is given by [5]
∆f = −
3∑
i=1
i(eieif − ∇ei eif ), (12)
where {ei}3i=1 is a local orthonormal frame and 〈ei, ei〉 := i .
2.2. Hypersurfaces in semi-Euclidean spaces
A vector X in E4s is called time-like, space-like, or light-like according to whether
〈X,X〉 is negative, positive, or zero. A nondegenerate hypersurface M3r of the semi-
Euclidean space E4s can itself be endowed with a Riemannian or a Lorentzian structure,
according to whether the metric g induced on M3r from the Lorentzian metric on E4s is
(positive) definite or indefinite. In the former case a normal vector to M3r is time-like, in
the latter case a normal vector to M3r is space-like. A shape operator of a Riemannian sub-
manifold is always diagonalizable, but this is not always the case for a shape operator of a
Lorentzian submanifold.
In this aspect we examine the cases where the hypersurfaces (Riemannian or Lorentzian)
have shape operator S diagonal, say S = diag[λ1, λ2, λ3]. The remainder cases are studied
in a separate paper.
3. Biharmonic hypersurfaces
The cases where M3r is a Riemannian or a Lorentzian hypersurface, and the shape op-
erator is diagonalizable, can be treated in a uniform way. Let therefore {ei}3i=1 be a local
orthonormal frame in the neighborhood of a point p with respect to which the shape oper-
ator is diagonal: Sei = λiei , i = 1,2,3. We understand that 〈ei, ei〉 = i for 1 i  3 and
〈ei, ej 〉 = 0, i = j .
In case of a Riemannian hypersurface M3r , the metric g induced on M3r from the
Lorentzian metric on E4s is positive definite and a unit normal vector ξ will be time-like,
hence ε = −1.
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Lorentzian metric on E4s is indefinite and a unit normal vector ξ will be space-like, hence
ε = +1. However, ∇H can either be space-like or time-like. Without losing generality we
can choose e1 in the direction of ∇H . Then by using the relation (10), the diagonalized
shape operator of M3r takes the form
S =
(−ε 3H2
λ2
λ3
)
. (13)
3.1. Three different principal curvatures
We now turn to the question whether there are nonminimal biharmonic hypersurfaces
of E4s . We prove that every biharmonic hypersurface of E4s is in fact minimal. For this, we
suppose that M3r , r = 0,1,2,3 is a nonminimal (H = 0) biharmonic hypersurface of E4s .
We show that this assumption runs into contradiction.
First, we observe that M3r cannot have constant mean curvature H = C = 0, since (11)
shows that this constant would be zero. Therefore, ∇H = 0, and (10) shows that ∇H is an
eigenvector of S with corresponding eigenvalue λ1 = −ε 3H2 .
We now choose, as mentioned above, a local orthonormal frame {ei}3i=1 consisting of
eigenvectors of S, such that e1 is a unit vector in the direction of ∇H . Then S is diagonal
and reads as (13).
Moreover, we also have that
e1(H) = 0, e2(H) = 0, e3(H) = 0. (14)
We remark that in (13) all three principal curvatures have to be mutually different. So,
−ε3H
2
− λ2 = 0, −ε3H2 − λ3 = 0, λ3 − λ2 = 0. (15)
Writing ∇ei ej =
∑3
k=1 ωkij ek , the Codazzi equations (6) for 〈(∇e1S)e2, e1〉, and〈(∇e1S)e3, e1〉, show that
ω112 = 0, ω113 = 0. (16)
Next, the Codazzi equations (6) for 〈(∇e1S)e2, e2〉, and 〈(∇e1S)e3, e3〉, readily give that
ω221 =
e1(λ2)
−ε 3H2 − λ2
, ω331 =
e1(λ3)
−ε 3H2 − λ3
. (17)
Similarly, the Codazzi equations (6) for 〈(∇e2S)e3, e2〉, and 〈(∇e2S)e3, e3〉, imply that
ω223 =
e3(λ2)
λ3 − λ2 , ω
3
32 =
e2(λ3)
λ2 − λ3 . (18)
Finally, in view of (14), we have that [e2, e3](H) = 0. Together with the Codazzi equa-
tions (6) for 〈(∇e1S)e2, e3〉, and 〈(∇e1S)e3, e2〉, follows that
ω2 = 0, ω3 = 0, ω1 = 0. (19)13 21 32
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e3
(
e1(λ2)
−ε 3H2 − λ2
)
= e3(λ2)
λ3 − λ2
(
e1(λ3)
−ε 3H2 − λ3
− e1(λ2)−ε 3H2 − λ2
)
, (20)
e2
(
e1(λ3)
−ε 3H2 − λ3
)
= e2(λ3)
λ2 − λ3
(
e1(λ2)
−ε 3H2 − λ2
− e1(λ3)−ε 3H2 − λ3
)
. (21)
On the other hand, in view of (12) and (14), Eq. (11) takes the form:
1e1e1(H) + 1
(
e1(λ2)
−ε 3H2 − λ2
+ e1(λ3)−ε 3H2 − λ3
)
e1(H) − εH
(
45H 2
2
− 2λ2λ3
)
= 0.
(22)
Acting with e2, respectively e3, on (22), and combining with the expressions (20)–(21),
gives:
e2
(
e1(λ2)
−ε 3H2 − λ2
)
= − e2(λ3)
λ2 − λ3
(
e1(λ2)
−ε 3H2 − λ2
− e1(λ3)−ε 3H2 − λ3
)
− 2Hε
1e1(H)
(λ2 − λ3)2 e2(λ3)
λ2 − λ3 , (23)
e3
(
e1(λ3)
−ε 3H2 − λ3
)
= − e3(λ2)
λ3 − λ2
(
e1(λ3)
−ε 3H2 − λ3
− e1(λ2)−ε 3H2 − λ2
)
− 2Hε
1e1(H)
(λ3 − λ2)2 e3(λ2)
λ3 − λ2 . (24)
We also have the Gauss equations (7) for 〈R(e1, e2)e1, e2〉 and 〈R(e3, e1)e1, e3〉, which
give the following relations:
e1
(
e1(λ2)
−ε 3H2 − λ2
)
+
(
e1(λ2)
−ε 3H2 − λ2
)2
= ε1 32Hλ2, (25)
e1
(
e1(λ3)
−ε 3H2 − λ3
)
+
(
e1(λ3)
−ε 3H2 − λ3
)2
= ε1 32Hλ3. (26)
Using (16)–(19), we find that
[e1, e2] = − e1(λ2)−ε 3H2 − λ2
e2. (27)
In addition, we take into account the relation
e1
(
e2(λ3)
λ2 − λ3
)
= − e1(λ3)e2(λ3)
(−ε 3H2 − λ3)(λ2 − λ3)
, (28)
which follows from the Gauss equation (7) for 〈R(e3, e1)e2, e3〉.
Applying both sides of the equality (27) on e1(λ2)/(−ε 3H2 − λ2), using (23), (25), (26),
and (28), we deduce that
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λ2 − λ3
[(
e1(λ2)
−ε 3H2 − λ2
− e1(λ3)−ε 3H2 − λ3
)2
+ ε
1
e1
(
H
e1(H)
)
(λ2 − λ3)2
+ εH
1e1(H)
((
3
e1(λ2)
−ε 3H2 − λ2
− e1(λ3)−ε 3H2 − λ3
)
(λ2 − λ3)2
+ 2(λ2 − λ3)e1(λ2 − λ3)
)]
.
This equation shows that at least one of the factors e2(λ3), or the expression between
square brackets, has to vanish. We now prove that e2(λ3) necessarily has to be zero, since
the assumption that e2(λ3) = 0 runs into contradiction. Indeed, suppose that e2(λ3) = 0,
then the factor between square brackets has to vanish:
e1
(
H
e1(H)
)
= − H
e1(H)
((
3
e1(λ2)
−ε 3H2 − λ2
− e1(λ3)−ε 3H2 − λ3
)
+ 2e1(λ2 − λ3)
(λ2 − λ3)
)
− 1
ε(λ2 − λ3)2
(
e1(λ2)
−ε 3H2 − λ2
− e1(λ3)−ε 3H2 − λ3
)2
.
Acting with e2 on both sides of the last equation, in view of (21), (23), and (27), gives
− εH
1e1(H)
(λ2 − λ3)2 = 2
(
e1(λ2)
−ε 3H2 − λ2
− e1(λ3)−ε 3H2 − λ3
)
.
Applying e2 again on the previous equation, gives in addition
− 2εH
1e1(H)
(λ2 − λ3)2 =
(
e1(λ2)
−ε 3H2 − λ2
− e1(λ3)−ε 3H2 − λ3
)
from which, it follows that λ2 = λ3, which contradicts (15).
Hence, we conclude that e2(λ3) = 0. Analogously, from (16)–(17), we have
[e3, e1] = e1(λ3)−ε 3H2 − λ3
e3, (29)
both sides of which we apply to e1(λ3)/(−ε 3H2 − λ3).
In view of the Gauss equation (7) for 〈R(e1, e2)e3, e2〉
e1
(
e3(λ2)
λ3 − λ2
)
= − e1(λ2)e3(λ2)
(−ε 3H2 − λ2)(λ3 − λ2)
. (30)
Using (24)–(26), (30) and the result of the former action, we deduce that
0 = e3(λ2)
λ3 − λ2
[(
e1(λ3)
−ε 3H2 − λ3
− e1(λ2)−ε 3H2 − λ2
)2
+ ε
1
e1
(
H
e1(H)
)
(λ3 − λ2)2
+ εH
1e1(H)
((
3
e1(λ3)
−ε 3H2 − λ3
− e1(λ2)−ε 3H2 − λ2
)
(λ3 − λ2)2
+ 2(λ3 − λ2)e1(λ3 − λ2)
)]
.
F. Defever et al. / J. Math. Anal. Appl. 315 (2006) 276–286 283In a similar way as above, one can show that e3(λ2) necessarily has to vanish. Indeed,
following the same line of proof, the assumption that e3(λ2) = 0 runs into contradiction.
Summarizing, we can state that we have proved independently that e2(λ3) and e3(λ2)
have to vanish separately. Hence, we conclude that both
e2(λ3) = 0 and e3(λ2) = 0. (31)
In view of (31), the Gauss equation (7) for 〈R(e2, e3)e2, e3〉, gives the following rela-
tion:
−1 e1(λ2)e1(λ3)
(−ε 3H2 − λ2)(−ε 3H2 − λ3)
− λ2λ3 = 0. (32)
Calculating e1e1(H) from (25) and (26), we have
e1e1(H) = −91H 3 − 13
(
e1(λ2)
−ε 3H2 − λ2
+ e1(λ3)−ε 3H2 − λ3
)
e1(H)
− 4ε
9
((
e1(λ2)
−ε 3H2 − λ2
)
e1(λ2) +
(
e1(λ3)
−ε 3H2 − λ3
)
e1(λ3)
)
+ 21
3
Hλ2λ3.
Substituting now this expression in (22), using (32), we get
−41ε
3
((
e1(λ2)
−ε 3H2 − λ2
)
e1(λ3) +
(
e1(λ3)
−ε 3H2 − λ3
)
e1(λ2)
)
− 41
(
e1(λ2)
−ε 3H2 − λ2
+ e1(λ3)−ε 3H2 − λ3
)
e1(H) − 135ε + 542 H
3
+ (2 + 6ε)Hλ2λ3 = 0. (33)
Using (32), Eq. (33) reduced to
41
(
e1(λ2)
−ε 3H2 − λ2
+ e1(λ3)−ε 3H2 − λ3
)
e1(H) − 2(6 + 3ε)Hλ2λ3 + 54 + 135ε2 H
3 = 0
and, finally, we get(
e1(λ2)
−ε 3H2 − λ2
+ e1(λ3)−ε 3H2 − λ3
)
e1(H) = −54 + 135ε81 H
3 + 6 + 3ε
21
Hλ2λ3. (34)
Then (22) gives
e1e1(H) = 54 + 315ε81 H
3 − 6 + 7ε
21
Hλ2λ3. (35)
Acting with e1 on both sides of (34) and using (25), (26) and (35), we get(
378 + 486ε
4
H 2 − (10 + 3ε)λ2λ3
)
e1(H)
=
(
e1(λ2)
−ε 3H2 − λ2
+ e1(λ3)−ε 3H2 − λ3
)
·
(
−324 + 558ε
4
H 3 + (6 + 7ε)Hλ2λ3
)
. (36)
Applying again e1 on (36), we take
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H
[
e1(H)
]2 − 117 + 104ε
21
Hλ22λ
2
3
+ 54 + 103ε
2
(
e1(λ2)
−ε 3H2 − λ2
+ e1(λ3)−ε 3H2 − λ3
)2
H 3
− (12 + 14ε)
(
e1(λ2)
−ε 3H2 − λ2
+ e1(λ3)−ε 3H2 − λ3
)2
Hλ2λ3
− 6426 + 4500ε
81
H 3λ2λ3 + 155763 + 132678ε321 H
5 = 0. (37)
Multiplying now (34) and (36), we get the expression
(
378 + 486ε
4
H 2 − (10 + 3ε)λ2λ3
)[
e1(H)
]2
=
(
−54 + 135ε
81
H 3 + 6 + 3ε
21
Hλ2λ3
)
·
(
−324 + 558ε
4
H 3 + (6 + 7ε)Hλ2λ3
)
.
(38)
We put Y := λ2λ3
H 2
. Then for the Lorentzian case ε = 1, relation (37), using (34), (38) and
since H = 0 by assumption, is reduced to an algebraic equation of fourth degree in Y :
F(Y ) = 140608Y 4 − 6157008Y 3 + 59355504Y 2 + 485815806Y − 6863560515
= 0. (39)
Without having to solve this equation explicitly, (39) shows that, even in case of the ex-
istence of a real solution, λ2λ3 and H 2 have to be proportional with a numerical factor.
Hence
λ2λ3 = pH 2, (40)
where p has to be a root of the polynomial F of (39), i.e., F(p) = 0.
In view of (40), (34) combined with (36), gives
81(432 − 26p)
(
e1(H)
)2 = (441 − 26p)(−189 + 36p)H 4. (41)
Taking the derivative w.r.t. e1, and using (35) and (40), there follows that
(
1612p2 − 36819p + 163053)H 3 = 0. (42)
In order to obtain the contradiction and finish the proof, we have merely to check that
neither of the roots of 1612p2 − 36819p+ 163053 is also a root of F(Y ). Since this is true
we conclude that H = 0, which contradicts our assumption.
In a similar way as above, we can work for the Riemannian case ε = −1 and take the
same result.
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Suppose that M3r , r = 0,1,2,3 is also a nonminimal biharmonic hypersurface of E4s
with two principal curvatures.We show that the assumption runs into contradiction. As we
mentioned earlier ∇H is an eigenvector of S with corresponding eigenvalue λ1 = −ε 3H2 .
We now choose a local orthonormal frame {ei}3i=1 consisting of eigenvectors of S, and
such that e1 is a unit vector in the direction of ∇H .
With respect to this local frame, S is diagonal, and its matrix representation takes the
following form:
S =
(−ε 3H2
λ
λ
)
. (43)
Moreover, the relations (14) are valid.
Combining the relation 3εH = trS and the relation (43), we deduce that λ = 9εH/4,
hence trS2 = 99H 2/8.
Writing ∇ei ej =
∑3
k=1 ωkij ek , the Codazzi equations (6) for 〈(∇e1S)e2, e2〉, and〈(∇e1S)e3, e3〉, show that
ω221 = ω331 = −
3
5
· e1(H)
H
. (44)
Next, the Gauss equation (7) for 〈R(e1, e2)e1, e2〉 shows that
e1
(
ω221
)= 1 27H 28 −
(
ω221
)2
. (45)
On the other hand, in view of (12) and (14) and using (44), (45), Eq. (11) takes the form:
1e1e1(H) + 21 · ω221 · e1(H) − ε ·
99H 3
8
= 0. (46)
Acting on (44) with e1 and using (45), we get
e1e1(H) = 409 H
(
ω221
)2 − 45H 31
8
. (47)
Hence, Eq. (46) reduces to
H
[
1
10
9
(
ω221
)2 − 45 + 99ε
8
H 2
]
= 0.
The expression between the bracket has to vanish, since H = 0,
1
10
9
(
ω221
)2 − 45 + 99ε
8
H 2 = 0. (48)
Applying e1 on the previous relation, we get
1
10
3
(
ω221
)2 − 945 + 165ε
8
H 2 = 0. (49)
Relations (48) and (49) show that H has to be zero which is a contradiction.
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face M3r of E4s satisfying (10)–(11) runs into contradiction. Hence, we have proved the
following:
Theorem. Every hypersurface M3r , r = 0,1,2,3, of E4s , s = 0,1,2,3,4, the shape opera-
tor of which is diagonalizable with harmonic mean curvature vector field, is minimal.
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